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A B S T R A C T

This work investigates the progressive damage analysis of pultruded composite structures using the higher-order 

beam models with Node-Dependent Kinematics (NDK) based on Carrera Unified Formulation (CUF). A three-

dimensional (3D) Tsai-Wu orthotropic damage model is implemented, in which the fracture energy and viscous 

regularization techniques are coupled. Subsequently, three experimental benchmarks involving compact tension, 

three-point bending, and four-point bending tests on pultruded composite structures are selected to validate the 

proposed numerical framework. The comparison between numerical and experimental results shows that the 

numerical framework is able to provide accurate and objective structural responses. Furthermore, the use of NDK 

enhances the computational efficiency of the progressive damage analysis without affecting accuracy.

1. Introduction

Pultruded composites are Fiber-Reinforced Polymer (FRP) compos-

ite materials manufactured through the pultrusion process. Due to 

their high-strength and lightweight nature, this type of composite has 

been used across a wide range of industries, from aerospace to con-

struction. Composite structures are often prone to complex damage 

mechanisms such as fiber breakage, matrix cracking, and delamina-

tion. These failure modes often develop progressively under quasi-static 

loading. Therefore, correct design and efficient use of these composite 

materials require the progressive damage analysis, including the failure 

onset and propagation.

To overcome the problems related to demanding experimental tests, 

various numerical models have been widely proposed to analyze the 

progressive damage of composite structures. The first challenge is to se-

lect the suitable failure criterion. There are many failure theories in the 

literature, such as Tsai-Wu [1], Hashin [2], and Puck [3]. Despite their 

success in predicting the failure of composite structures, these models 

have been observed to underestimate the experimental strength when 

applied to pultruded FRP elements [4,5], as they neglect the progres-

sive damage. Therefore, it is necessary to take damage propagation into 

account in the failure analysis.

Computational strategies for failure analysis of composite struc-

tures can be grouped according to how cracks are represented. Discrete

approaches, such as the eXtended Finite Element Method (XFEM) [6], 

explicitly capture discontinuities without remeshing, but at a high com-

putational cost. Variational smeared formulations, such as the Phase-

Field Method (PFM) [7], represent cracks as diffused zones governed by 

an energy minimization principle. However, they require refined meshes 

to resolve the crack area. To bridge the gap between these two methods, 

a Field-Enriched Finite Element Method (FE-FEM) has been proposed 

[8], combining enrichment concepts with fracture criteria to efficiently 

track crack propagation. In contrast, Continuum Damage Mechanics 

(CDM) [9] adopts a fully smeared description, where damage is intro-

duced as the progressive degradation of elastic moduli due to the growth 

and coalescence of micro-defects. This smeared description makes CDM 

particularly attractive for structural-scale analyses due to its simplicity 

and reduced computational demand.

An exponential damage evolution model coupled with a failure initi-

ation criterion was first proposed in Ref. [9], and is commonly referred 

to as the Matzenmiller–Lubliner–Taylor (MLT) model. The MLT model 

produces reasonably accurate results [10], but requires the parameter-

ization of damage coefficients that control the ’smoothness’ of damage 

evolution. A decohesion Finite Element (FE) was developed by Ref. [11] 

as an alternative method for simulating delamination between solid 

elements using a mixed-mode progressive damage model. Their for-

mulation incorporated a strain-softening behavior governed by fracture
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energy, which was previously applied to concrete [12]. Compared to 

MLT, this method offers the advantage of employing physically mean-

ingful parameters, such as fracture energies. However, the experimental 

determination of fracture energies for each failure mode is difficult. 

Moreover, the fracture energies measured may exhibit a wide range for 

similar materials [13–15].

Nevertheless, some of the aforementioned models were included 

in commercial software, and were widely utilized in numerical analy-

sis. A damage initiation and progression model, presented in Ref. [16] 

and based on the works of Hashin [2], MLT [9], and decohesion [11], 

is included in ABAQUS. Recently, a two-dimensional (2D) orthotropic 

damage model based on the Tsai–Wu failure criterion was developed in 

Ref. [17,18], in which failure modes can be identified once the criterion 

is met.

The previous 2D orthotropic damage models are only limited to shell 

elements due to their transverse isotropic assumption [19]. Moreover, 

classical lower-order structural theories have been reported to be in-

sufficient for progressive failure analysis in composite laminates [20]. 

Thus, high-fidelity simulations necessitate the incorporation of three-

dimensional (3D) orthotropic damage models based on appropriate 

failure criteria into solid elements. For instance, the Hashin failure crite-

rion has been extended to 3D applications, as presented in [21], though 

interlaminar damage was not considered. Practical implementation of 

the LaRC05 failure criterion and its variations for 3D analysis was ex-

plored in [22,23]. In [24], a fully 3D formulation of the Hashin criterion 

was demonstrated coupled with simplified degradation models, tailored 

for bolted connections.

The development of 3D composite constitutive relations is also asso-

ciated with the need for simulating connections, mainly with bolts [23, 

25]. Certain damage models are capable of predicting not only the fail-

ure of FRP laminates, but also their post-failure behavior [26]. However, 

these models often require high-density meshes and significant compu-

tational resources, primarily due to the need to resolve individual plies 

and/or implement cohesive interfaces [27], making them impractical 

for the analysis of large-scale engineering problems. Some authors have 

chosen novel formulations [28] using standard concepts that couple the 

damage initiation between the fiber, matrix and interlaminar to suc-

cessfully simulate composite beam–column connections [29]. Recently, 

a 3D orthotropic damage model based on 3D Hashin failure including 

interlaminar failure was proposed in Ref. [30]. Moreover, the 2D Tsai-

Wu damage model [17] was extended to 3D in which the interlaminar 

failure is included in Ref. [31]. In Ref. [30,31], fracture energy regu-

larization was employed to mitigate the mesh dependency and viscous 

regularization was utilized to alleviate the convergence issues.

Although the aforementioned 3D models can obtain accurate results, 

the computational costs can increase significantly. Carrera Unified 

Formulation (CUF) [32] provides an alternative solution for 3D solid 

elements. In the CUF framework, 3D displacement fields of a one-

dimensional (1D) beam model can be obtained through cross-sectional 

expansion functions. Higher-order beam models allow for accurate 

failure analyses since accurate stresses and strains can be recovered 

[32]. CUF has been successfully applied for the damage analysis of 

concrete and reinforced concrete structures [33,34]. Moreover, it has 

also been exploited for composite laminates [35,36], in which the 

CODAM2 model [37] was integrated into 2D CUF-based layer-wise 

models. Recently, the 3D orthotropic damage model based on 3D Hashin 

failure criterion was implemented in the CUF-based beam models for 

composite structures [38].

In CUF, the Node-Dependent Kinematics (NDK) approach [39] allows 

the employment of different cross-sectional kinematics within the same 

beam model. With the help of this approach, the structure can be divided 

into critical zones with refined models and non-critical zones with lower-

order models so that the computational costs can be further reduced 

without sacrificing accuracy. This approach has been investigated for 

the analysis of composite structures [40–42], most of which are limited 

to the linear static analysis [43].
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Fig. 1. Reference framework, beam elements, and cross-section expansion.

This work aims to apply the CUF-based higher-order beam models 

to the progressive damage analysis of pultruded composite structures. 

In addition to the novelties stemming from previous works [35,38], this 

work employs a new orthotropic damage model based on 3D Tsai-Wu 

failure criterion. Among the various criteria, the Hashin-like family of 

methods is widely used in engineering applications, as it distinguishes 

different failure modes through separate equations. In contrast, the 3D 

Tsai-Wu criterion defines a single quadratic failure surface that incorpo-

rates all stress components, making it convenient for integration within 

the CUF framework. Moreover, this work aims to mitigate the mesh de-

pendency more effectively through a new characteristic element length 

from Ref. [44]. Additionally, the viscous regularization, which was ig-

nored in the previous works, is implemented in this work to mitigate the 

convergence difficulties, especially for brittle failure cases. This work 

employs the NDK approach to enhance the computational efficiency of 

CUF-based beam models in the progressive damage analysis of pultruded 

composite structures for the first time.

The paper is organized as follows: Section 2 introduces the funda-

mentals of CUF-based models with NDK briefly; Section 3 presents a 

novel orthotropic damage model based on 3D Tsai-Wu failure crite-

rion, in which the fracture energy regularization and viscous regular-

ization techniques are introduced; subsequently, Section 4 illustrates 

and discusses three numerical examples. Finally, Section 5 draws the 

conclusions.

2. Unified higher-order finite beam elements

In this section, higher-order beam theories based on CUF are briefly 

introduced. As shown in Fig. 1, this theory overcomes the assump-

tion of rigid cross-sections in a 1D domain by approximating the 3D 

displacement field through the following equation:

𝐮(𝑥, 𝑦, 𝑧) = 𝐹 𝜏 (𝑥, 𝑧)𝐮 𝜏 

(𝑦), 𝜏 = 1, 2, . … ,𝑀 (1)

where 𝑦 is the axial direction of the beam, and 𝑥 and 𝑧 are the cross-

sectional coordinates; 𝐮 𝜏 

(𝑦) denotes the generalized displacements along 

the axial direction; 𝐹 𝜏 

(𝑥, 𝑧) is the cross-sectional expansion function; 𝜏 

represents a summation over terms, and 𝑀 denotes the number of terms 

in cross-sectional expansion functions.

The displacement of the beam model in the 1D case along the axial 

direction can be approximated using the finite element shape functions 

𝑁 𝑖 

(𝑦), as shown in Fig. 1, which includes different beam elements of

linear (B2), quadratic (B3), and cubic (B4) orders. Therefore, Eq. (1) 

can be expressed as:

𝐮(𝑥, 𝑦, 𝑧) = 𝐹 𝜏 

(𝑥, 𝑧)𝑁 𝑖(𝑦)𝐮 𝜏𝑖 

, 𝑖 = 1,… , 𝑁 𝑁𝐸 (2)

where 𝑁 denotes𝑁𝐸  the number of nodes per beam element; 𝐮 𝜏𝑖 

is the 

nodal displacement vector.
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Fig. 2. NDK approach for CUF-based beam models.

2.1. Cross-sectional expansions

Various types of 𝐹 𝜏 

such as polynomials, harmonics, and exponentials 

can be implemented through CUF. The choice of a particular expan-

sion characterizes the capabilities of a structural theory: the richer the 

expansion, the more accurate the results [32]. The most commonly im-

plemented Taylor-like and Lagrange polynomial expansions, as shown 

in Fig. 1, are briefly introduced below.

Taylor-like polynomials consist of the 2D base 𝑥 

𝑖 𝑧𝑗 

 , where 𝑖 and 𝑗
are positive integers. The 1D beam model based on such polynomials 

is referred to as TE𝑛 model, where 𝑛 denotes the expansion order. For 

instance, the complete quadratic (i.e., 𝑛 = 2) Taylor-like polynomial

basis takes the form: 𝐹 1 = 1, 2  

𝐹 = 𝑥, 𝐹 3 = 𝑧, 𝐹  

 4 = 𝑥2 , 𝐹 5 = 𝑥𝑧, 𝐹6 = 𝑧 

2.

Then, the displacement field can be expressed as follows:

𝑢 𝑥 =𝑢 𝑥1 + 𝑥𝑢 𝑥2 + 𝑧𝑢 𝑥3 + 𝑥 

2 𝑢 𝑥4 + 𝑥𝑧𝑢 𝑥5 + 𝑧 

2𝑢 𝑥6

𝑢 𝑦 =𝑢 𝑦1 + 𝑥𝑢 𝑦2 + 𝑧𝑢 𝑦3 + 𝑥 

2 𝑢 𝑦4 + 𝑥𝑧𝑢 𝑦5 + 𝑧 

2𝑢 𝑦6

𝑢 𝑧 =𝑢 𝑧1 + 𝑥𝑢 𝑧2 + 𝑧𝑢 𝑧3 + 𝑥 

2 𝑢 𝑧4 + 𝑥𝑧𝑢 𝑧5 + 𝑧 

2𝑢 𝑧6

(3)

where 𝑢 1  

 

⋯ 𝑢 3 

are unknown variables. It is important to note that clas-𝑥 𝑧
sical beam theories, such as Euler-Bernoulli and Timoshenko, are special 

cases of TE1-based 1D CUF models.

Similarly, 1D CUF models based on 2D Lagrange polynomial expan-

sions can be referred to as LE models. Based on the order of Lagrange 

polynomials, the options for quadrilateral elements include bilinear 

four-point (L4), quadratic nine-point (L9), and cubic sixteen-point (L16). 

The expression for one L9 element is shown here as an example:

𝐹 𝜏 = 

1
4
( 

𝑟 

2 + 𝑟𝑟 𝜏 

) ( 

𝑠 

2 + 𝑠𝑠 𝜏 

) 

, 𝜏 = 1, 3, 5, 7

𝐹 𝜏 = 

1
2
𝑠 

2 

𝜏
( 

𝑠 

2 + 𝑠𝑠 𝜏 

) ( 

1 − 𝑟 

2 

)

+ 

1
2
𝑟 

2
𝜏
( 

𝑟 

2 + 𝑟𝑟 𝜏 

) ( 

1 − 𝑠 

2 

) 

, 𝜏 = 2, 4, 6, 8

𝐹 𝜏 = 

( 

1 − 𝑟 

2 

) ( 

1 − 𝑠 

2 

) 

, 𝜏 = 9

(4)

where (𝑟, 𝑠) are the normalized coordinates, while (𝑟 𝜏 

, 𝑠 𝜏 

) represent the 

normalized coordinates of each node 𝜏.
Compared to TE models, unknown variables of LE models, which 

are pure displacement components, can be located above the physical 

surfaces of the structure. Moreover, locally refined models can be easily 

built using LE.

2.2. Node-dependent kinematics

The node-dependent kinematics approach was first proposed in [40] 

to mix different structural theories in the CUF framework. The key idea 

is allowing for different kinematics at each node of a 1D beam element, 

which works as a transition to connect elements with different kinemat-

ics without any displacement discontinuities. As seen in Fig. 2, the whole 

domain is divided into two zones where two different cross-sectional

kinematics are employed. A transition element with node-dependent 

kinematics is used to connect these two zones. The kinematics descrip-

tion of each point in this transition element is independent, and they 

are smeared by the shape functions that ensure a smooth transition be-

tween the displacements of the two nodes. Therefore, the displacement 

continuity can be guaranteed between two zones without any need for 

special coupling techniques.

This idea can be easily extended to any order beam models in CUF. 

In general, the displacement field of 1D element with node-dependent 

kinematics can be rewritten as:

𝐮(𝑥, 𝑦, 𝑧) = 𝐹 

𝑖 

𝜏 (𝑥, 𝑧)𝑁 𝑖 

(𝑦)𝐮 𝜏𝑖 

, 𝜏 = 1,… ,𝑀 

𝑖 𝑖 = 1,… , 𝑁 𝑁𝐸 (5)

where 𝐹 

𝑖 represents the expansion𝜏  function at node point 𝑖  

 and 𝑀 

𝑖 is 

the corresponding number of expansion terms.

With NDK, the numerical accuracy can be improved using a re-

finement in the kinematic assumptions without mesh refinement of FE 

model. Furthermore, a balance between accuracy and computational 

costs can be achieved where refined models can be employed for the 

selected zones of interest such as critical zones vulnerable to damage 

and coarse models can be adopted for the non-critical regions of the 

structure. In the present work, the critical regions are modeled using 

LE, while the remaining structure is modeled using lower-order TE.

2.3. Governing equations

The governing equations can be derived using the Principle of 

Virtual Displacement (PVD) which assumes that the external virtual 

work (𝛿𝐿 ext 

) is equal to the internal virtual work (𝛿𝐿 int 

) in the static 

case.

The internal and external virtual work can be written as:

𝛿𝐿 int = ∫ 𝑉
𝛿𝜺 

T 𝝈 d𝑉 (6)

𝛿𝐿 ext = ∫ 𝑉
𝛿𝐮 

T 𝐏d𝑉 (7)

where 𝜺 and 𝝈 are strain and stress vectors, respectively; 𝐏 is the external 

load.

The relationship between displacement and strain fields can be 

obtained from the geometrical relation:

𝜺 = 𝐃𝐮 (8)

where 𝐃 is a differential operator. Moreover, the constitutive law per-

mits to derive the relation between stress and strain fields which is 

expressed as:

𝝈 = 𝐂 

d 𝜺 (9)

where 𝐂d
 is the 6 × 6 material stiffness matrix including damage.
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Substituting Eqs. (8) and (9) and the displacement field given in Eq. 

(5) into the Eq. (6), the internal virtual work can be rewritten as:

𝛿𝐿 int = 𝛿𝐮 

T
𝑠𝑗 ∫ 𝑉

[ 

𝑁 𝑗 (𝑦)𝐹 

𝑗
𝑠 (𝑥, 𝑧)𝐃 

T 𝐂 

d 𝐃𝐹 

𝑖
𝜏 (𝑥, 𝑧)𝑁 𝑖 

(𝑦) 

] 

d𝑉 𝐮 𝜏𝑖

= 𝛿𝐮 

T 

𝑠𝑗𝐊 

𝑖𝑗𝜏𝑠𝐮 𝜏𝑖 (10)

where 𝐊 

𝑖𝑗𝜏𝑠 is a 3 × 3 matrix denoted as Fundamental Nucleus (FN),

which enables the assembly of the element stiffness matrix indepen-

dently of the structural theory order. The explicit expression of 𝐊 

𝑖𝑗𝜏𝑠

can be found in [40]. For the sake of clarity, the first component 𝑘 

𝑖𝑗𝜏𝑠
𝑥𝑥 is

reported:

𝑘 

𝑖𝑗𝜏𝑠
𝑥𝑥 = ∫ 𝑉

𝐶 

d
11

𝜕
𝜕𝑥 

(

𝑁𝑗𝐹 

𝑗 

𝑠
) 𝜕
𝜕𝑥

(

𝑁𝑖𝐹 

𝑖 

𝜏
) 

𝑑𝑉 

+ ∫ 𝑉
𝐶 

d 

16
𝜕
𝜕𝑥

(

𝑁 𝑗𝐹 

𝑗
𝑠
) 𝜕
𝜕𝑦

(

𝑁 𝑖𝐹 

𝑖 

𝜏
) 

𝑑𝑉

+ ∫ 𝑉
𝐶 

d 

44
𝜕
𝜕𝑧

(

𝑁 𝑗𝐹 

𝑗
𝑠
) 𝜕
𝜕𝑧

(

𝑁𝑖𝐹 

𝑖
𝜏
) 

𝑑𝑉

+ ∫ 𝑉
𝐶 

d 

16
𝜕
𝜕𝑦

(

𝑁𝑗𝐹 

𝑗
𝑠
) 𝜕
𝜕𝑥

(

𝑁𝑖𝐹 

𝑖
𝜏
) 

𝑑𝑉

+ ∫ 𝑉
𝐶 

d
66

𝜕
𝜕𝑦

(

𝑁𝑗𝐹 

𝑗
𝑠
) 𝜕
𝜕𝑦

(

𝑁𝑖𝐹 

𝑖
𝜏
) 

𝑑𝑉

(11)

Similarly, the external virtual work can be rewritten as Eq. (12) with 

the introduction of Eq. (5).

𝛿𝐿 ext = 𝛿𝐮 

T
𝑠𝑗 ∫ 𝑉

𝛿𝑁 𝑗 (𝑦)𝐹 

𝑗
𝑠 (𝑥, 𝑧)𝐏d𝑉 = 𝛿𝒖 

T
𝑠𝑗𝐏 𝑠𝑗 (12)

where 𝐏 𝑠𝑗 

is the external load acting on beam node 𝑗 and cross-sectional 

node 𝑠.
Then, the governing equation for static problems is derived by 

applying the PVD and integrating Eq. (10) with Eq. (12), yielding:

𝐊 

𝜏𝑠𝑖𝑗𝐮 𝜏𝑖 = 𝐏 𝑠𝑗 

(13)

2.4. Implicit solution for physical nonlinearity

This work involves physical nonlinearity due to damage. The nonlin-

ear equilibrium equation derived from the CUF-based beam formulation 

is solved using an implicit displacement-based iterative scheme. At each 

pseudo-time step 𝑡 + Δ𝑡, the residual force is expressed as:

𝐑(𝑡 + Δ𝑡) = 𝐅 ext 

(𝑡 + Δ𝑡) − 𝐅 int 

(𝑡) (14)

where 𝐅 int 

(𝑡) is the internal force evaluated using current damage state 

at time 𝑡; 𝐅 ext(𝑡 + Δ𝑡) is the applied external load at time 𝑡 + Δ𝑡; 𝐑(𝑡 + Δ𝑡) 

is the unbalanced force at the beginning of the increment.

At each time step, the displacement increment Δ𝑢 is computed by 

solving the following linear system:

𝐊 sec 

(𝑡 + Δ𝑡) ⋅ Δ𝐮 = 𝐑(𝑡 + Δ𝑡) (15)

in which 𝐊 sec 

(𝑡 + Δ𝑡) is the secant stiffness matrix constructed based on 

the damage at time 𝑡 + Δ𝑡. In the CUF framework, Eq. (15) reads:

𝐊 

𝜏𝑠𝑖𝑗
sec Δ𝐮 𝜏𝑖 

= 𝐫 𝑠𝑗 (16)

𝜏
where 𝐊 𝑠𝑖𝑗 

 sec is the FN of the secant stiffness matrix involving damage, 

and 𝐫𝑠𝑗 is the FN of the residual force vector. 

After solving the Eqs. (15) or (16), the displacement is updated as 

𝐮(𝑡 + Δ𝑡) = 𝐮(𝑡) + Δ𝐮. The internal force vector and damage variables 

are then recomputed accordingly. Due to the nonlinearity introduced 

by damage evolution, the solution generally does not converge within

a single step. Therefore, multiple iterations are performed within each 

time increment. Convergence is checked based on the relative norm of 

the iterative displacement correction with respect to the accumulated 

increment:

‖Δ𝐮 

𝑘 

‖

‖𝐮 

𝑘 − 𝐮 

0
‖ 

< 𝜀 (17)

where Δ𝐮 

𝑘 = 𝐮 

𝑘 −𝐮 

𝑘−1 is the displacement correction at iteration 𝑘, and 

𝐮 

0 is the displacement at the beginning of the current time step 𝑡.
In this modified Newton-Raphson method, the secant stiffness ma-

trix is adopted instead of tangent stiffness due to its straightforward 

implementation. Both the secant stiffness matrix and the internal force 

vector at each iteration are dependent on the damage state, which 

is evaluated using the damage model introduced in the following 

section.

3. 3D Tsai-Wu damage model

This section introduces the local orthotropic damage model for com-

posite materials, in which fiber, matrix, interlaminar, and shear damage 

states are taken into account. The corresponding constitutive equations, 

3D Tsai-Wu failure criteria, and their related damage evolution law 

are presented. Fracture energy regularization for higher-order beam 

elements is employed to mitigate the mesh dependency.

3.1. Damaged material response

Damage caused by a series of microcracks or microvoids is often 

physically considered as the loss of stiffness in the CDM theory [45]. 

The tensile damage and compressive damage are activated using the ef-

fective stress ̂ 𝝈. Based on the idea of the model in Ref. [9], the relation 

between the effective stress, ̂ 𝝈, and the nominal stress, 𝝈, is proposed 

as:

̂ 𝝈 = 𝐌𝝈 (18)

where 𝐌 is the damage operator, which is expressed considering the 3D 

stress state:

𝐌 =

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

1
1−𝑑 𝑓

0 0 0 0 0

0 1
1−𝑑 𝑚

0 0 0 0

0 0 1
1−𝑑 𝑖

0 0 0

0 0 0 1
1−𝑑 𝑠12

0 0

0 0 0 0 1
1−𝑑 𝑠13

0

0 0 0 0 0 1
1−𝑑 𝑠23

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥

⎥ 

⎦

(19)

where 𝑑𝑓 , 𝑑𝑚  

, and 𝑑 represent damage variables for fiber, matrix, and𝑖        

interlaminar failure modes, respectively. 𝑑𝑠 12 

, 𝑑𝑠 13     

 

, and 𝑑𝑠23 denote three
shear damage variables.

Based on the Tsai-Wu criterion, 𝑑 𝑓 

, 𝑑 𝑚 

, and 𝑑 𝑖 

are independent 

and regulated by the corresponding tension and compression values 

which will be denoted by subscripts 𝑡 and 𝑠. In addition, shear dam-

age terms are assumed to be dependent on the fiber, matrix, and 

interlaminar damages. The explicit expressions of damage variables 

are:

⎧

⎪

⎨

⎪

⎩

𝑑 𝑓 = 1 − (1 − 𝑑 𝑓𝑡 

)(1 − 𝑑 𝑓𝑐 )

𝑑 𝑚 = 1 − (1 − 𝑑 𝑚𝑡 

)(1 − 𝑑 𝑚𝑐 )

𝑑 𝑖 = 1 − (1 − 𝑑 𝑖𝑡 

)(1 − 𝑑 𝑖𝑐)

⎧

⎪

⎨

⎪

⎩

𝑑 𝑠12 = 1 − (1 − 𝑑 𝑓 )(1 − 𝑑 𝑚)

𝑑 𝑠13 = 1 − (1 − 𝑑 𝑓 )(1 − 𝑑 𝑖)

𝑑 𝑠23 = 1 − (1 − 𝑑 𝑚)(1 − 𝑑 𝑖)

(20)
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Considering the damage operator matrix Eq. (19), the damaged 

compliance matrix can be obtained as:

𝐇 

d =

⎡ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

1
(1−𝑑 𝑓 )𝐸 1

− 

𝑣 21

𝐸 2 

− 

𝑣 31

𝐸 3
0 0 0

− 

𝑣 12

𝐸 1

1
(1−𝑑 𝑚 

)𝐸 2
− 

𝑣 32

𝐸 3 

0 0 0

− 

𝑣 13

𝐸 1
− 

𝑣 23

𝐸 2

1
(1−𝑑 𝑖)𝐸 3

0 0 0

0 0 0 1
(1−𝑑 𝑠12 

)𝐺 12
0 0

0 0 0 0 1
(1−𝑑 𝑠13 

)𝐺 13
0

0 0 0 0 0 1
(1−𝑑 𝑠23 

)𝐺 23

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥

⎥ 

⎦

(21)

and the corresponding damaged stiffness matrix is obtained by inverting 

the compliance matrix:

𝐂 

d = 

1
Δ 

d

⎡

⎢

⎢

⎢

⎢

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎢ 

⎣

𝐶 

d
11 𝐶 

d
12 𝐶 

d
13 0 0 0 

𝐶 

d
21 𝐶 

d
22 𝐶 

d
23 0 0 0 

𝐶 

d
31 𝐶 

d
32 𝐶 

d
33 0 0 0 

0 0 0 𝐶 

d 

44 0 0

0 0 0 0 𝐶 

d 

55 0

0 0 0 0 0 𝐶 

d
66

⎤ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎥ 

⎦

(22)

with

Δ 

d = 1 − (1 − 𝑑 𝑓 )(1 − 𝑑 𝑚 

)𝑣 12 

𝑣 21 

− (1 − 𝑑 𝑓 )(1 − 𝑑 𝑖)𝑣 13 

𝑣 31 

− (1 − 𝑑 𝑚 

)(1 − 𝑑 𝑖 

)𝑣 23 

𝑣 32 

− 2 × (1 − 𝑑 𝑓 )(1 − 𝑑 𝑚)(1 − 𝑑 𝑖 

)𝑣 12 

𝑣 23 

𝑣 31

⎧

⎪

⎨

⎪

⎩

𝐶 

d
11 = (1 − 𝑑 𝑓 )𝐸 1

[ 

1 − (1 − 𝑑 𝑚)(1 − 𝑑 𝑖 

)𝑣 23 

𝑣 32 

]

𝐶 

d
12 = (1 − 𝑑 𝑓 )(1 − 𝑑 𝑚)𝐸 1

[ 

𝑣 21 

+ (1 − 𝑑 𝑖 

)𝑣 23 

𝑣 31 

]

𝐶 

d
13 = (1 − 𝑑 𝑓 )(1 − 𝑑 𝑖)𝐸 1

[ 

𝑣 31 

+ (1 − 𝑑 𝑚 

)𝑣 21 

𝑣 32 

] 

⎧

⎪

⎨

⎪

⎩

𝐶 

d
21 = (1 − 𝑑 𝑓 )(1 − 𝑑 𝑚)𝐸 2

[ 

𝑣 12 

+ (1 − 𝑑 𝑖 

)𝑣 13 

𝑣 32 

] 

𝐶 

d
22 = (1 − 𝑑 𝑚 

)𝐸 2
[ 

1 − (1 − 𝑑 𝑓 )(1 − 𝑑 𝑖 

)𝑣 13 

𝑣 31 

]

𝐶 

d
23 = (1 − 𝑑 𝑚 

)(1 − 𝑑 𝑖)𝐸 2
[ 

𝑣 32 

+ (1 − 𝑑 𝑓 

)𝑣 12 

𝑣 31 

]

⎧

⎪

⎨

⎪

⎩

𝐶 

d
31 = (1 − 𝑑 𝑓 )(1 − 𝑑 𝑖)𝐸 3

[ 

𝑣 13 

+ (1 − 𝑑 𝑚 

)𝑣 12 

𝑣 23 

]

𝐶 

d
32 = (1 − 𝑑 𝑚 

)(1 − 𝑑 𝑖)𝐸 3
[ 

𝑣 23 

+ (1 − 𝑑 𝑓 

)𝑣 13 

𝑣 21 

]

𝐶 

d
33 = (1 − 𝑑 𝑖 

)𝐸 3
[ 

1 − (1 − 𝑑 𝑓 )(1 − 𝑑 𝑚 

)𝑣 12 

𝑣 21 

]

⎧

⎪

⎨

⎪

⎩

𝐶 

d
44 = Δ(1 − 𝑑 𝑠12 

)𝐺 12

𝐶 

d
55 = Δ(1 − 𝑑 𝑠13 

)𝐺 13

𝐶 

d
66 = Δ(1 − 𝑑 𝑠23 

)𝐺 23

where 𝐸1 , 𝐸 2, 𝐸 3 

, 𝐺12 

 

, 𝐺13 , and 𝐺23 are undamaged material moduli; 

𝑣 12, 𝑣 21, 𝑣 13, 𝑣 31,  

    

𝑣23 

, and 𝑣 32 

are undamaged Poisson’s ratios. 

3.2. Failure initiation criteria

Damage initiation indicates the onset of stiffness degradation at a ma-

terial point, which depends on the current stress field. The most widely

used form of the Tsai-Wu criterion employs a scalar failure surface,

TW( ̂ 𝝈), defined in the effective stress space for orthotropic materials:

TW( ̂ 𝝈) =𝐹 11𝜎̂ 

2
1 + 𝐹 22 

𝜎̂ 

2
2 + 𝐹 33𝜎̂ 

2
3 + 2𝐹 23 

𝜎̂ 2 

𝜎̂ 3 + 2𝐹 13 

𝜎̂ 1 

𝜎̂ 3 + 2𝐹 12 

𝜎̂ 1 

𝜎̂ 2+

𝐹 1𝜎̂ 1 + 𝐹 2 

𝜎̂ 2 + 𝐹 3𝜎̂ 3 

+ 𝐹 44 

𝜏 

2
23 + 𝐹 55𝜏 

2
13 + 𝐹 66 

𝜏 

2
12

(23)

where 𝐹 and𝑖  𝐹 (𝑖𝑗 𝑖, 𝑗 = 1, … , 6) are strength tensors of the second and 

fourth rank, respectively. Due to the symmetry of orthotropic materi-

als, certain components such as 𝐹4 and 𝐹 45 are expected to vanish. The

failure criterion claims that the structure is safe if TW < 1, whereas the 

critical condition for failure occurs when TW = 1.
𝐹 𝑖 

and 𝐹𝑖𝑖 are related to the one-directional engineering strengths,

which can be measured experimentally in the laboratory. These compo-

nents are defined as:

𝐹 11 = 

1
𝑋𝑡𝑋𝑐

; 𝐹 22 =
1

𝑌𝑡𝑌𝑐
; 𝐹 33 = 

1
𝑍 𝑡 

𝑍 𝑐 

;

𝐹 44 =
1
𝑆 

2
𝐼

; 𝐹 55 =
1
𝑆 

2 

𝑇

; 𝐹 66 = 

1
𝑆 

2 

𝐿

(24)

𝐹 1 =
1
𝑋 𝑡

− 1
𝑋 𝑐

; 𝐹 2 = 

1
𝑌 𝑡

− 1
𝑌 𝑐

; 𝐹 3 = 

1
𝑍 𝑡

− 1
𝑍 𝑐

(25)

where 𝑋𝑡 and 𝑋 represent𝑐  the uniaxial tensile and compressive fiber 

strengths; 𝑌 and𝑡  𝑌 𝑐 correspond to the tensile and compressive matrix 

strengths; 𝑍𝑡 and 𝑍 𝑐       

 

denote the tensile and compressive interlaminar

strengths; 𝑆 

 

, 𝑆 , and 𝑆 are the𝐼 𝑇 𝐿   interlaminar shear strength, transverse 

shear strength, and longitudinal shear strength, respectively.

The determination of the off-diagonal components, 𝐹 𝑖𝑗 

, in the Tsai-

Wu criterion is challenging. In the original formulation of the Tsai–Wu 

criterion [1], the failure envelope is constrained to be an ellipsoid, 

ensuring that it remains closed. This constraint imposes a condition

on 𝐹 𝑖𝑗 

:

𝐹 

2
𝑖𝑗 < 𝐹 𝑖𝑖 

𝐹 𝑗𝑗 (26) 

The constraint of Eq. (26) provides a range for 𝐹 𝑖𝑗 

rather than a 

fixed value. Additionally, [1] noted that 𝐹 𝑖𝑗 

can be determined under

combined stress states, which can be represented as:

𝐹 12 =
1

2𝐵 

2 

12

(1 − 𝐵 12(𝐹 1 + 𝐹 2) − 𝐵 

2
12(𝐹 11 + 𝐹 22)

𝐹 13 =
1

2𝐵 

2 

13

(1 − 𝐵 13(𝐹 1 + 𝐹 3) − 𝐵 

2
13(𝐹 11 + 𝐹 33)

𝐹 23 =
1

2𝐵 

2 

23

(1 − 𝐵 23(𝐹 2 + 𝐹 3) − 𝐵 

2
23(𝐹 22 + 𝐹 33)

(27)

where 𝐵 𝑖𝑗 corresponds to the tensile bi-stress strength, which requires 

difficult biaxial stress tests. This term can be estimated using several 

outputs according to Ref. [46]. Eq. (28) from Ref. [46], where a lower 

bound estimate can be obtained using the maximum failure envelope, is 

employed in this work.

𝐵 12 = min 

{

𝑌 𝑡
1 − 𝜈 21

,
𝑋 𝑡

1 − 𝜈 12

}

𝐵 13 = min 

{

𝑍 𝑡
1 − 𝜈 31

,
𝑋 𝑡

1 − 𝜈 13

}

𝐵 23 = min 

{

𝑍 𝑡
1 − 𝜈 32

,
𝑌 𝑡

1 − 𝜈 23 

}

(28)

An alternative empirical approach based on the generalization of 

the von Mises criterion [47,48] was also proposed, which satisfies the 

constraint in Eq. (26). This empirical expression is given by:

𝐹 𝑖𝑗 = −1
2 

√

𝐹𝑖𝑖 

𝐹 𝑗𝑗 (29)

As demonstrated in Ref. [49], the assumption of a closed failure enve-

lope is not universally valid for all composites, and the constraint in Eq. 

(26) may be relaxed under certain circumstances. Nevertheless, for the 

composites considered in this work, 𝐹 𝑖𝑗 satisfies Eq. (26). Accordingly, 

𝐹 𝑖𝑗 is first calculated using Eq. (27). If the computed values violate the 

condition in Eq. (26), the empirical expression in Eq. (29) is applied 

instead.
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3.3. Damage evolution

Once TW( ̂ 𝝈) = 1, further loading will cause the degradation of 

material stiffness coefficients. The reduction in stiffness coefficients is 

governed by damage variables that range from zero for intact material 

to one for completely damaged material.

In this framework, the evolution laws for each damage variable can 

be formulated in the strain space, as described in Ref. [9]. New variables 

are introduced based on the definitions of equivalent stresses and strains. 

These equivalent measures are derived using the generalized equivalent 

principle of virtual work, expressed as:

𝜎 𝑒𝑞 

𝜀 𝑒𝑞 

= 

∑ 

𝜎 𝑖𝑗𝜀 𝑖𝑗 

, and 𝜀 𝑒𝑞 = 

√ 

∑

𝜀 

2
𝑖𝑗 , 𝑖, 𝑗 = 1, 2, … , 6 (30)

For the specific cases of fiber, matrix, and interlaminar failure, the 

corresponding equivalent strains and stresses are reformulated:

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜀 𝑒𝑞,𝑓 𝑡 

= 

√

⟨𝜀 1⟩ 

2 + 𝛾212 + 𝛾213
𝜀 𝑒𝑞,𝑓𝑐 = ⟨−𝜀 1⟩

𝜀 𝑒𝑞,𝑚𝑡 =
√

⟨𝜀2⟩ 

2 + ⟨𝜀 3⟩ 

2 + 𝛾221 + 𝛾223 + 𝛾231

𝜀 𝑒𝑞,𝑚𝑐 = 

√ 

⟨−𝜀2 

⟩ 

2 + ⟨−𝜀 3⟩ 

2 + 𝛾221 + 𝛾223 + 𝛾231

𝜀 𝑒𝑞,𝑖𝑡 =
√

⟨𝜀3⟩ 

2 + 𝛾231 + 𝛾232
𝜀 𝑒𝑞,𝑖𝑐 = ⟨−𝜀 3⟩

(31)

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

𝜎 𝑒𝑞,𝑓 𝑡 

= 

⟨𝜎 1⟩ ⟨𝜀 1 

⟩ + 𝜏 12 

𝛾 12 

+ 𝜏 13 

𝛾 13
√ 

⟨𝜀 1 

⟩ 

2 + 𝛾212 + 𝛾213
𝜎 𝑒𝑞,𝑓𝑐 

= ⟨−𝜎 1⟩

𝜎 𝑒𝑞,𝑚𝑡 =
⟨𝜎 2⟩ ⟨𝜀 2 

⟩ + ⟨𝜎 3 

⟩ ⟨𝜀 3 

⟩ + 𝜏 21 

𝛾 21 

+ 𝜏 23 

𝛾 23 

+ 𝜏 31 

𝛾 31
√

⟨𝜀2⟩ 

2 + ⟨𝜀 3⟩ 

2 + 𝛾221 + 𝛾223 + 𝛾231

𝜎 𝑒𝑞,𝑚𝑐 =
⟨−𝜎 2⟩ ⟨−𝜀 2⟩ + ⟨−𝜎 3⟩ ⟨−𝜀 3 

⟩ + 𝜏 21 

𝛾 21 

+ 𝜏 23 

𝛾 23 

+ 𝜏 31 

𝛾 31
√

⟨−𝜀2⟩ 

2 + ⟨−𝜀 3 

⟩ 

2 + 𝛾221 + 𝛾223 + 𝛾231

𝜎 𝑒𝑞,𝑖𝑡 =
⟨𝜎 3⟩ ⟨𝜀 3 

⟩ + 𝜏 31 

𝛾 31 

+ 𝜏 32 

𝛾 32
√ 

⟨𝜀 3 

⟩ 

2 + 𝛾231 + 𝛾232
𝜎 𝑒𝑞,𝑖𝑐 = ⟨−𝜎 3⟩ 

(32)

where < ⋅ > is the Macaulay bracket to ensure non negative values.

To define the damage evolution laws, it is necessary to obtain the 

equivalent stress, 𝜎 

0
 

0, and equivalent strain, 𝜎 , at𝑒𝑞,𝐼 𝑒𝑞,𝐼   the onset of dam-

age initiation. In the effective stress space, the effective stress varies 

linearly with strain. Thus, the following relation is obtained:

𝜎̂ 

onset
𝑖𝑗 = 𝛽𝜎̂ 𝑖𝑗 (𝑑 0), 𝜎̂ 𝑖𝑗 (𝑑 0) ∝ 𝜖 𝑖𝑗 (𝑑 0) ⟹ 𝜖 

onset
𝑖𝑗 = 𝛽𝜖 𝑖𝑗 

(𝑑 0) (33) 

where 𝜎̂onset
 denotes the effective stress𝑖𝑗  at the onset of damage, which 

can be determined by scaling the effective stress 𝜎̂ damage𝑖𝑗 (𝑑0 ) with  

 

𝑑 0 

. Similarly, the strain at the onset of damage, 𝜖onset
 , is determined𝑖𝑗   by

scaling the strain 𝜖 𝑖𝑗 (𝑑0 ) with damage 𝑑 0. 

 

The determination of the scaling factor 𝛽 involves solving the 

Tsai–Wu criterion:

TW(𝛽 ̂ 𝝈) = 1 (34)

where TW is defined in Eq. (23). Substituting Eq. (23) into Eq. (34) leads 

to a quadratic equation for 𝛽, as shown below:

𝛽 

2 2𝐹12𝜎̂ 1𝜎̂ 2 + 2𝐹 13𝜎̂ 1𝜎̂ 3 + 2𝐹 23𝜎̂ 2𝜎̂ 3 

+ 𝐹 11𝜎̂ 

2
1 + 𝐹 22 

𝜎̂ 

2
2 + 𝐹 33 

𝜎̂ 

2
3

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑎

+𝐹 66𝜏 

2
12 + 𝐹 55𝜏 

2
13 + 𝐹 44𝜏 

2
23
)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑎

+𝛽
(

𝐹1𝜎̂ 1 + 𝐹 2𝜎̂ 2 + 𝐹 3𝜎̂ 3 

)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑏

+ (−1)
⏟⏟⏟

𝑐

= 0 

(35)

(

Fig. 3. Equivalent displacement-stress for fiber, matrix, and interlaminar.

in which 𝑎, 𝑏, and 𝑐 are coefficients of the quadratic equation. Therefore, 

𝛽 is given by:

𝛽 = −𝑏 +
√

𝑏2 − 4𝑎𝑐
2𝑎

(36)

In many orthotropic damage models, it is assumed that damage evo-

lution primarily depends on the stresses and strains associated with the 

corresponding damage plane. Therefore, the Tsai–Wu failure criterion 

must be independently solved for fiber, matrix, and interlaminar be-

havior under both tension and compression. To ensure consistency, Eq. 

(35), used to calculate the 𝛽 variable, must include only the stress com-

ponents corresponding to the equivalent stresses defined in Eq. (32) for 

each failure mode 𝐼 , i.e., fiber, matrix, and interlaminar, in tension and 

compression.

In this work, the damage evolution laws for each failure mode 𝐼 

are defined based on a linear softening path. To mitigate the mesh 

dependency, an equivalent displacement-stress relationship, as shown 

in Fig. 3, is obtained by introducing the characteristic element length 

𝑙 𝑐 

. Then, the damage evolution function of each damage variable is 

expressed as:

𝑑 𝐼 

=
𝛿 

𝑢
𝑒𝑞,𝐼 (𝛿 𝑒𝑞,𝐼 − 𝛿 

0
𝑒𝑞,𝐼 )

𝛿 𝑒𝑞,𝐼 (𝛿𝑢𝑒𝑞,𝐼 − 𝛿 

0
𝑒𝑞,𝐼 )

, if 𝛿 

0
𝑒𝑞,𝐼 ≤ 𝛿 𝑒𝑞,𝐼 ≤ 𝛿 

𝑢
𝑒𝑞,𝐼 (37)

with 

𝛿 

0
𝑒𝑞,𝐼 = 𝑙 𝑐𝜀 

0 

𝑒𝑞,𝐼 and 𝛿 

𝑢 

𝑒𝑞,𝐼 = 

2𝐺 f,𝐼

𝜎 

0
𝑒𝑞,𝐼

(38)

0where 𝛿𝑒𝑞 and,𝐼  𝜎 

0 are𝑒𝑞,𝐼  the equivalent displacements and stresses, 

respectively, at the onset of damage. 𝛿 

𝑢 is𝑒𝑞,𝐼  the ultimate equivalent 

displacement when the material is fully damaged.

It is evident that 𝑙c  

directly influences the softening curve by control

ling the ultimate equivalent displacement 𝛿𝑢 . Smaller values of lead𝑒𝑞 ,𝐼     𝑙 c

to gradual softening curves, while larger values result in steeper soften

ing. This relationship ensures that the total energy dissipation remains 

consistent with the experimental fracture energy.

-

-

3.4. Characteristic element length

Determining the characteristic element length is critical in fracture 

energy regularization techniques to maintain the objectivity of energy 

dissipation. This length should reflect the evolving width of the fracture 

zone throughout the fracture process [50,51]. Traditional methods that
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Fig. 4. Illustration of calculation for 𝑙 𝑐 

.

rely solely on constant calculations of element areas or volumes are often 

insufficient [52]. As highlighted by Ref. [53], the determination of 𝑙 𝑐 

depends on several factors, including the shape and size of element, the 

interpolation function employed, the integration scheme, and the mesh 

line orientation. This work employs the projection method proposed by 

Ref. [44].

Fig. 4 employs a B3 beam element with one L9 expansion ele-

ment to explain the idea of Ref. [44]. First, a volume is constructed 

using the beam element through Lagrange expansion. Two parame-

ters 𝛼 1 and 𝛼 2 

are introduced to scale the beam element length and 

cross-sectional dimensions, leading to a scaled sub-volumes. For second-

order elements shown in Fig. 4, 𝛼 1 

and 𝛼 2 

are set to 0.5 according to 

Ref. [44]. Subsequently, a projection method is applied to the scaled 

sub-volumes containing the target point, i.e., Gauss point (GP). This 

projection method determines the 𝑙 𝑐 

along the unit vector of the ma-

jor principal strain at each GP, indicating that each GP from the same

element has an individual 𝑙 𝑐 

. Therefore, the formulation for 𝑙 𝑐 

of each 

GP, 𝐱, can be generalized as:

𝑙 𝑐 

(𝐱) = |max[𝐱 𝐧 

⋅ 𝐧(𝐱)] − min[𝐱 𝐧 

⋅ 𝐧(𝐱)]| (39) 

where 𝐱 𝑛 is the middle point of the edge in a scaled volume that contains 

the targeted Gaussian point 𝐱, as illustrated in Fig. 4. 𝐧(𝐱) is the unit 

vector in the major principal strain direction.

3.5. Viscous regularization

Although the fracture energy regularization ensures consistent frac-

ture energy dissipation, the governing equations remain ill-posed, 

highlighting that fracture energy regularization is only a partial regular-

ization technique. This issue can result in the loss of positive definiteness 

of the tangent stiffness matrix and numerical convergence difficulties.

Therefore, a viscous regularization scheme can be implemented di-

rectly to mitigate these numerical issues. This approach relies on the 

artificial Duvaut-Lions viscosity model, which ensures that the tan-

gent stiffness matrix of softening materials remains positive definite for 

sufficiently small time increments.

In damage modeling, the viscous damage variable in the regulariza-

tion scheme is defined as follows:

𝛿𝑑 

𝑣
𝐼 = 

1
𝜂 𝐼

(𝑑 𝐼 − 𝑑 

𝑣
𝐼 ) × 𝛿 𝑡 (40)

where 𝜂 𝐼 

represents a viscosity coefficient indicating the relaxation time 

of the viscous system, 𝑑𝐼  

refers to the non-viscous damage variable and 

𝑑𝑣 denotes vis 𝐼  cous damage variable corresponding to mode 𝐼 (including

various concrete and composite damage modes). The damaged material 

response is then evaluated using the viscous damage variables.

A numerical algorithm is required to solve Eq. (40). A straight-

forward approach is to update the viscous damage variable using the

backward Euler method, expressed as:

𝑑 

𝑣
𝐼 (𝑡 0 

+ Δ𝑡) = 

Δ𝑡
𝜂 + Δ𝑡 

𝑑 

𝑣 

𝐼 (𝑡 0 + Δ𝑡) + 

𝜂
𝜂 + Δ𝑡

𝑑 

𝑣
𝐼 (𝑡 0 

) (41)

where Δ𝑡 is size of time step.

Eq. (41) indicates the current viscous damage variable 𝑑 

𝑣 (𝐼 𝑡0  

+ Δ𝑡) 

is determined as a weighted combination of the current non-viscous 

damage variable  

 𝑑 

𝑣(𝐼 𝑡 0 + Δ𝑡) and the  

 

previous viscous damage variable

𝑑 

𝑣(𝐼 𝑡 0 

). 

4. Numerical examples

This section investigates the progressive damage behavior of three 

pultruded composite structures using the proposed numerical models. 

For all numerical tests, the displacement control method was employed. 

The load-displacement responses and damage patterns were obtained 

and compared with the experimental data.

4.1. Compact tension test

The first example is based on an orthotropic Glass Fiber Reinforced 

Polymer (GFRP) specimen which was studied experimentally in the work 

of Ref. [54] to assess the fracture energy through a Compact Tension 

(CT) test. The full details of the experimental layout are shown in 

Fig. 5(a). The loading and geometrical conditions of the CT specimen 

are illustrated in Fig. 5(b). The specimen has a thickness of 10 mm, with 

the lower pin clamped and a vertical displacement applied to the upper 

pin until a maximum value of 1.2 mm is reached. The material proper-

ties relevant to the strength and fracture energies of the GFRP material 

are summarized in Table 1.

Beam elements can be assigned along the thickness of the speci-

men which is shown in Fig. 6(a). The cross-sectional discretization is 

illustrated in Fig. 6(b), where Lagrange elements are employed. In this 

cross-section, the fiber direction is oriented along the z-axis, and the ma-

trix is aligned along the x-axis. The gray circular supports in Fig. 6(b) 

are modeled with a linear isotropic steel material.

To fully validate the proposed fracture energy regularization tech-

nique for mitigating mesh dependency, Table 2 lists ten CUF-based beam 

models. These models account for variations in both the size and or-

der of beam elements as well as the cross-sectional discretization, i.e., 

structural theory. The meaning of ‘b’ and ‘h’ in Table 2 can be seen in 

Fig. 6(b). An ABAQUS model with 3D solid elements, taken directly from 

Ref. [31], is also included for comparison. This ABAQUS 3D model em-

ploys symmetry conditions, whereas all CUF models represent the full 

structure. It can be seen that the CUF-based models, particularly those 

with linear elements, achieve a substantial reduction in the number of 

degrees of freedom (DOFs).

The load-displacement diagrams of all numerical models are plotted 

in Fig. 7, including experimental results for comparison. In Fig. 7(a), 

Models 1 to 3, which vary in beam element order, show nearly identical 

curves, suggesting that the beam element order has minimal impact on
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Fig. 5. (a) Experimental layout [54] and (b) geometry for CT test (mm).

Table 1 

Material properties of the notched GFRP specimen.

Properties Units Symbols Values Symbols Values

Elastic moduli GPa 𝐸 11 30 𝐺12 3.0

𝐸 22 12 𝐺13 3.0

𝐸 33 12 𝐺23 3.0

Poisson’s ratios – 𝑣12 0.24

𝑣 13 0.24

𝑣 23 0.3

Strengths MPa 𝑋𝑡 323 𝑋𝑐 426

𝑌 𝑡 71 𝑌𝑐 71

𝑍 𝑡 71 𝑍𝑐 71

𝑆 𝐿 67 𝑆𝑇 64

𝑆 𝐼 64

Fracture energies MPa⋅mm 𝐺 𝑓𝑡 100 𝐺 𝑓𝑐 100

𝐺 𝑚𝑡 20 𝐺 𝑚𝑐 20

𝐺 𝑖𝑡 20 𝐺 𝑖𝑐 20

numerical results in this case. However, with higher-order LE, as seen 

in Models 4 and 5, the initial stiffness and post-peak softening responses 

are slightly reduced compared to the first three models. This minor vari-

ation can be attributed to the improved capability of higher-order LE to 

capture cross-sectional deformation. In addition, ABQ 3D from Ref. [31]

Table 2 

Model information for CT test.

Model No. Cross-sectional discretization Beam discretization DOF

Number b × h (mm × mm) 

a Number Length (mm) 

b

Model 1 157 L4 3.33 × 0.8 1 B2 10 1332

Model 2 157 L4 3.33 × 0.8 1 B3 10 1896

Model 3 157 L4 3.33 × 0.8 1 B4 10 2460

Model 4 157 L9 3.33 × 0.8 1 B4 10 8925

Model 5 157 L16 3.33 × 0.8 1 B4 10 19,500

Model 6 175 L4 3.33 × 0.267 1 B4 10 2700

Model 7 388 L4 1.0 × 0.8 1 B4 10 5484

Model 8 388 L16 1.0 × 0.8 1 B4 10 44,916

Model 9 388 L16 1.0 × 0.8 2 B4 5 77,730

Model 10 388 L16 1.0 × 0.8 3 B4 3.33 110,544

ABQ 3Dc
 – – – – 66,900

a Mesh size of the discretized cross-section in the notch.
b Length of individual beam elements.
c Model taken from Ref. [31], symmetric along the y-direction.

predicts a slightly higher peak load and a stiffer post-peak response com-

pared to both the experimental data and the CUF-based models. Overall, 

the CUF results remain in closer agreement with the experiments, con-

firming that the proposed model effectively mitigates the influence of 

beam element and cross-sectional LE order.

Fig. 6. (a) Beam elements and (b) cross-sectional discretizations of the CT specimen.
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Fig. 7. Reaction load-displacement curves of the CT test from various CUF-based models: (a) Influence of order and (b) influence of mesh size.

Fig. 8. Tensile and compressive matrix damage propagations of the CT test from Model 5.

In Fig. 7(b), Models 3, 6, and 7 explore the influence of LE size by 

varying the number of LE, while Models 8 to 10 examine the influence 

of beam element size by adjusting the number of beam elements along 

the thickness. The curves in Fig. 7(b) can be separated into two distinct 

groups: one group with L4 models and the other with L16 models. Within 

each group, the curves are nearly coincident and within the experimen-

tal ranges, indicating the proposed method effectively achieves mesh 

size independence. However, L4 models yield slightly higher curves 

than L16 models, likely due to the linear approximation in L4 models 

compared to the higher-order approximation in L16 models. This dis-

tinction highlights the enhanced accuracy of L16 models in capturing 

the structural response.

Since external loads are applied along the x-axis, aligned with the 

direction of the matrix, Fig. 8 shows the progression of the tensile 

and compressive damage within the matrix in the CT test of Model 5. 

The results indicate that the damage begins at the corner of the notch 

and propagates into the specimen as a narrow band. Compressive ma-

trix damage occurs on the right side of the notch, indicating that it 

can also be captured in the proposed damage model framework. The 

applied displacement of 0.816 mm corresponds to the peak load in

the load-displacement diagram. Compared to the damage distribution 

at 1.2 mm displacement, the matrix tensile damage at the peak load 

appears to have only propagated halfway. Meanwhile, the matrix com-

pressive damage seems to be in its early stages, with only minimal areas 

showing signs of damage. This phenomenon suggests that satisfying the 

Tsai-Wu criterion does not necessarily imply the complete failure of the 

structure. Furthermore, even when the structure reaches its maximum 

load-carrying capacity, it does not entirely fail and retains some residual 

load-carrying capacity.

The tensile and compressive matrix damage distributions from other 

models are similar to those presented in Fig. 8. Although six damage 

parameters, which are fiber, matrix, and interlaminar damage under 

compression and tension, are considered in the proposed orthotropic 

damage models, some of them are almost negligible in this case and will 

not be presented here.

4.2. Three-point bending beam

The pultruded GFRP beam with a notch at mid-span in a Three-Point 

Bending (TPB) test was investigated originally by Ref. [55], in which
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Fig. 9. Load and geometry of the TPB beam (mm).

Table 3 

Material properties of the TPB specimen.

Properties Units Symbols Values Symbols Values

Elastic moduli GPa 𝐸 11 30 𝐺12 2.0

𝐸 22 10.8 𝐺13 2.0

𝐸 33 10.8 𝐺23 2.0

Poisson’s ratios – 𝑣 12 0.24

𝑣 13 0.24

𝑣 23 0.4

Strengths MPa 𝑋 𝑡 323 𝑋𝑐 423

𝑌 𝑡 37 𝑌𝑐 80

𝑍 𝑡 37 𝑍𝑐 80

𝑆 𝐿 33 𝑆𝑇 33

𝑆 𝐼 33

Fracture energies MPa⋅mm 𝐺 𝑓𝑡 130 𝐺𝑓 𝑐 130

𝐺 𝑚𝑡 5.12 𝐺𝑚𝑐 5.12

𝐺 𝑖𝑡 5.12 𝐺𝑖𝑐 5.12

the mode I fracture properties of pultruded GFRP composites along the 

matrix direction were extracted. The dimensions and loading layout 

can be seen in Fig. 9. In this case, the loading is controlled by dis-

placement with the maximum value of 1.2 mm and the Crack Mouth 

Opening Displacements (CMOD) at the notch bottom are obtained for 

plotting the load-CMOD curves. Based on the work of Ref. [30], material 

properties are summarized in Table 3. The measured fracture energies 

from Ref. [30,55] are different. In this work, the average values are 

employed.

To reduce computational costs, a quarter structure is employed for 

numerical analysis, which can be seen in Fig. 10. The beam elements 

are assigned as shown in Fig. 10(a), where only half length of the 

beam is employed. Six B4 elements are adopted for the un-notched part. 

Different orders and numbers of beam elements are employed only for 

the middle notch to investigate the mesh dependency. Five beam ele-

ment assignments in the notch are shown in Fig. 10(a). The cross-section 

is halved and discretized as shown in Fig. 10(b). Different cross-sectional 

discretizations are taken into account. Overall, seven CUF models are 

considered, as detailed in Table 4, in which beam element size and order

Fig. 10. (a) Beam element and (b) cross-sectional discretizations of the TPB beam.

Table 4 

Model information for TPB beam.

Model No. Cross-sectional discretization Beam discretization DOF

Number 

a b × h (mm × mm) Number Length (mm) 

b

Model 1 45 L9 3.00 × 2.92 6 B4 + 1 B2 1.00 12,978

Model 2 45 L9 3.00 × 2.92 6 B4 + 1 B3 1.00 13,545

Model 3 45 L9 3.00 × 2.92 6 B4 + 1 B4 1.00 14,112

Model 4 68 L9 2.25 × 2.50 6 B4 + 1 B2 1.00 18,846

Model 5 80 L9 2.25 × 2.06 6 B4 + 1 B2 1.00 22,086

Model 6 80 L9 2.25 × 2.06 6 B4 + 2 B2 0.50 23,085

Model 7 80 L9 2.25 × 2.06 6 B4 + 3 B2 0.33 24,084

ABQ 3D 

c – – – – 381,270

a The number of L9 elements in Section 1–1, as illustrated in Fig. 10(b).
b The length of the individual beam elements in the notch.
c Model taken from Ref. [30].

Fig. 11. Load-CMOD curves of the TPB beam across different CUF models.

as well as cross-sectional discretizations are considered. For comparison, 

an ABQ 3D model from Ref. [30] is also included in Table 4. Due to the 

refined mesh near the notch, the ABQ 3D model requires roughly one 

order of magnitude more DOFs than the CUF-based models.

Fig. 11 shows the vertical reaction load-CMOD curves of all numer-

ical models, including experimental results from Ref. [55] for compari-

son. For the linear part or before the crack load, all numerical results are 

close to the experimental results. From Models 1 to 3, it is evident that 

the use of higher-order beam elements in the notch causes the decrease 

in peak load, which can be attributed to mesh sensitivity to the element 

order. The curves of Models 1, 4 and 5 are close to each other, indicating 

that the cross-sectional discretization influences the results significantly. 

When increasing the number of B2 elements in the notch, Models 6 and 

7 present slightly lower curves than Model 5, which can be attributed
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to the better convergence. However, Models 6 and 7 are close to each 

other, indicating no mesh dependency. Finally, the ABQ 3D model from 

Ref. [30] predicts a higher peak load and a significantly stiffer post-peak 

response relative to both the CUF-based models and the experiments. 

These results demonstrate that the CUF framework provides results in 

closer agreement with the experimental data compared to the ABQ 3D 

model.

Under TPB loading, the matrix, aligned along the y-axis, exhibits sig-

nificant damage compared to other damage variables. Fig. 12 shows 

that all models exhibit a distinct and narrow tensile damage band in 

the midspan notched section. Meanwhile, Fig. 13 displays that all mod-

els exhibit a slightly compressive damage near the loading plate. These 

consistent matrix damage distributions across all models demonstrate 

the accuracy of proposed numerical models.

Fig. 12. Matrix tensile damage distribution of the TPB beam from (a) Model 1; (b) Model 2; (c) Model 3; (d) Model 4; (e) Model 5; (f) Model 6; (g) Model 7.

Fig. 13. Matrix compressive damage distribution of the TPB beam from (a) Model 1; (b) Model 2; (c) Model 3; (d) Model 4; (e) Model 5; (f) Model 6; (g) Model 7.
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Fig. 14. (a) NDK 1 model, (b) NDK 2 model, and (c) NDK 3 model based on Model 1 for the analysis of the TPB beam-Cyan represents TE1 and red denotes TE3.

Table 5 

NDK models based on Model 1 for the notched TPB beam.

Model No. NDK type 

a Expansion of beam nodes 

b DOF

Model 8 NDK 1 9 LE + 11 TE1 5916

Model 9 NDK 1 9 LE + 11 TE3 6147

Model 10 NDK 2 6 LE + 14 TE1 3390

Model 11 NDK 2 6 LE + 14 TE3 4284

Model 12 NDK 3 6 LE + 8 TE1 + 6 TE3 4116

a See Fig. 14. 

b Each model includes 20 beam nodes in total.

Fig. 15. Load-CMOD curves of different NDK models for the TPB beam.

The most efficient model in Table 4 is Model 1 which requires 12,978 

DOF. Since the critical zone of this structure is the notched part in the 

middle which is small compared to the whole structure, it is possible to 

apply the NDK approach to enhance the efficiency of the CUF model. 

Based on the Model 1, three NDK models are shown in Fig. 14. In NDK 

1, beam nodes in two B4 elements close to the notch employ LE, while 

the rest employ TE. In Fig. 14(b), the zone using LE is further reduced to 

save more computational costs. The zone using LE in NDK 3 is the same 

as that in NDK 2. However, some beam nodes using TE3 are adopted 

between LE and TE1, which can work as a transition.

Based on the three NDK configurations, Table 5 lists five NDK models 

used in this study. These NDK models are based on Model 1 which adopts 

seven beam elements and twenty beam nodes. Additionally, the cross-

sectional discretization of Model 1 is retained in all NDK models. Models 

8 and 9 utilize the NDK 1. However, Models 8 and 9 employ the TE1

and TE3 in non-critical zones, respectively, to evaluate the impact of 

higher-order TE on structural accuracy. Similarly, Models 10 and 11 are 

based on NDK 2 and the effects of TE orders are investigated. Moreover, 

Model 12 adopts the NDK 3, where TE3 elements form a transition zone 

between LE and TE1.

The load-CMOD curves of five NDK models are shown in Fig. 15, in 

which results from the experimental campaign and Model 1 are included 

for comparison. It is evident that all NDK models exhibit a higher initial 

stiffness than Model 1, especially for Model 10 whose curve is outside 

the experimental range. This phenomenon is expected, as using lower-

order kinematics in non-critical zones leads to stiffer numerical models 

compared to those using higher-order kinematics. Among the NDK mod-

els, Model 9 presents the closest curve to the Model 1, as it retains a 

relatively larger region using LE and employs TE3 in non-critical zones. 

In contrast, Model 8, also using the NDK 1 but with TE1 in non-critical 

zones, displays a higher initial stiffness and peak load. For models em-

ploying NDK 2, Model 11 closely matches experimental results, while 

Model 10 provides an incorrect curve outside the experimental range. 

The accuracy of Model 11 is due to the use of TE3 in non-critical zones. 

This outcome indicates that higher-order TE in non-critical zones can 

enhance numerical accuracy when the critical zone is too small. In ad-

dition, Model 12 performs similarly to Model 11, but it requires slightly 

fewer DOF. These results highlight that the introduction of transition 

zones using higher-order TE is beneficial for minimizing the required 

DOF. Except for Model 10, all NDK models present structural curves that 

fall within the experimental range. Moreover, it is worth noting that all 

NDK models present similar softening curves to Model 1, indicating the 

importance of accurately defining the critical zones.

The matrix damage patterns from various NDK models are presented 

in Figs. 16 and 17. Model 10 exhibits notable deviations, with addi-

tional matrix tensile damage appearing outside the notch and more 

pronounced matrix compressive damage near the loading plate. In con-

trast, the remaining models display consistent matrix damage patterns, 

closely aligning with those of Model 1. This consistency suggests that, ex-

cept for Model 10, all other NDK models effectively replicate the matrix 

damage behavior observed in the refined model.

4.3. Four-point bending test

The final test involves simulating the collapse of a pultruded GFRP 

beam under Four-Point Bending (FPB) conditions. The experimental 

campaign of this GFRP beam under FPB test is a part of a large R&D 

project named CLICKHOUSE [56] and was studied numerically in Ref. 

[57]. The beam is simply supported over a span of approximately 

3000 mm and subjected to two-point loading in a classic FPB config-

uration, as illustrated in Fig. 18. The loads are symmetrically applied 

at approximately one-third of the span length. The cross-section of 

the beam is a hollow square profile with an external side length of 

120 mm and a thickness of 10 mm. Material properties used for the GFRP 

composite are obtained from Ref. [57] and summarized in Table 6.
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Fig. 16. Matrix tensile damage distribution of the TPB beam from (a) Model 8; (b) Model 9; (c) Model 10; (d) Model 11; (e) Model 12.

Fig. 17. Matrix compressive damage distribution of the TPB beam from (a) Model 8; (b) Model 9; (c) Model 10; (d) Model 11; (e) Model 12.
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Fig. 18. Loads and geometry of the FPB beam (mm).

A half-model of the structure is utilized for numerical analysis to re-

duce computational costs. Fig. 19(a) illustrates the uniform assignment 

of beam elements. The length of each beam element is approximately 

50 mm, which results in a total of 36 beam elements. If the beam element 

length is reduced to around 30 mm, 56 beam elements will be needed. 

Three types of cross-sectional discretizations are shown in Fig. 19(b) in 

which L9 elements are employed with a mesh size of 10 mm.

Eight CUF-based models, detailed in Table 7, are investigated, each 

employing the identical cross-sectional discretizations. The first four 

models utilize LE across the entire structure. The key differences among 

these models are the order and number of beam elements used, aimed 

at evaluating the regularization technique. Models 5 and 6, based on 

Model 1, aim to reduce computational costs through the NDK approach. 

Fig. 20 illustrates two NDK configurations. The NDK 1 model adopts a 

conservative strategy, with a relatively small non-critical zone employ-

ing TE1 models. In contrast, the NDK 2 model introduces a transition 

zone employing TE3 models to achieve at least 50 % reduction in DOF.

Table 6 

Material properties of the FPB beam.

Properties Units Symbols Values Symbols Values

Elastic moduli GPa 𝐸 11 32.4 𝐺 12 3.2

𝐸 22 4.8 𝐺 13 3.2

𝐸 33 4.8 𝐺 23 3.2

Poisson’s ratios – 𝑣12 0.3

𝑣 13 0.3

𝑣 23 0.3

Strengths MPa 𝑋 𝑡 326.2 𝑋𝑐 326.2

𝑌 𝑡 88.9 𝑌𝑐 88.9

𝑍 𝑡 88.9 𝑍𝑐 88.9

𝑆 𝐿 41.4 𝑆𝑇 58.7

𝑆 𝐼 41.4

Fracture energies MPa⋅mm 𝐺 𝑓𝑡 55 𝐺 𝑓𝑐 95

𝐺 𝑚𝑡 11.5 𝐺 𝑚𝑐 11.5

𝐺 𝑖𝑡 11.5 𝐺 𝑖𝑐 11.5

Similarly, Models 7 and 8 apply the NDK strategy based on Model 2 to 

assess the efficiency of NDK in higher-order beam models. For compar-

ison, a 3D model based on ABAQUS, referred to as the ABQ 3D model, 

is also included. This model uses C3D8 solid elements with an approxi-

mate element size of 10 mm. The same damage model is implemented 

in the ABQ 3D model using the UMAT subroutine.
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Fig. 19. (a) Beam element and (b) cross-sectional discretizations of the FPB beam.

Table 7 

Model information of the GFRP beam for the FPB test.

Model No. Model type Beam elements Size (mm) 

a DOF

Model 1 Full LE 36 B2 50 30,204

Model 2 Full LE 36 B3 50 59,316

Model 3 Full LE 36 B4 50 88,428

Model 4 Full LE 56 B2 30 46,044

Model 5 NDK 1 36 B2 50 19,725

Model 6 NDK 2 36 B2 50 15,153

Model 7 NDK 1 36 B3 50 37,375

Model 8 NDK 2 36 B3 50 29,955

ABQ 3D – – – 42,972

a Length of individual beam elements.

The load-displacement (mid-span) curves in Fig. 21 provide a de-

tailed comparison of different numerical models applied to the FPB 

beam under bending, where the displacement is recorded at the

mid-span. The experimental data from Ref. [57] reported a peak load 

of approximately 81 kN, serving as a reference for validation. Fig. 21(a) 

highlights the results from various refined beam models with different 

beam element configurations. Fig. 21(b) compares the refined models 

with their corresponding NDK models to evaluate the accuracy of the 

NDK approach. Overall, all numerical models, including the CUF-based 

models and the ABQ 3D model, effectively capture the brittle failure 

behavior of the FPB beam, which is characterized by a linear elastic 

phase followed by a rapid loss of load-bearing capacity after reach-

ing the peak load. In the elastic phase, all models exhibit consistent 

load-displacement curves with minimal variations in stiffness. Although 

the NDK models show slightly higher stiffness compared to the refined 

models, this difference is not pronounced in the plotted curves due 

to the conservative selection of non-critical zones. The alignment be-

tween the CUF-based models and the ABQ 3D results further proves 

the accuracy of the CUF framework in capturing the elastic response 

of the FPB beam. At the peak load, all models predict slightly higher

Fig. 20. (a) NDK 1 model and (b) NDK 2 model for the FPB beam-Black represents LE, cyan stands for TE1, and red denotes TE3.

Fig. 21. Load-displacement (mid-span) curves of the FPB beam from various numerical models.
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Table 8 

Peak results of the FPB GFRP beam from various models and experiment.

Model No. Model type Peak load (kN) Displacement (mm) 

a

Exp [57] – 81.0 –

Model 1 36 B2 + Full LE 85.57 144.65

Model 2 36 B3 + Full LE 86.02 147.34

Model 3 36 B4 + Full LE 83.66 143.50

Model 4 56 B2 + Full LE 86.85 148.29

Model 5 36 B2 + NDK 1 85.58 142.53

Model 6 36 B2 + NDK 2 85.59 142.24

Model 7 36 B3 + NDK 1 85.93 145.07

Model 8 36 B3 + NDK 2 86.08 144.81

ABQ 3D – 85.61 146.84

a It indicates the displacement corresponding to the peak load.

values than the experimental peak load of 81 kN. These consistent re-

sults across different CUF-based models demonstrate their ability to 

capture the ultimate load capacity. Additionally, their close agree-

ment with the ABQ 3D model confirms the accuracy of the CUF-based 

framework.

To further assess model performance, Table 8 summarizes the peak 

loads and corresponding displacements for each model. Excluding Model 

3, the other refined models estimate a peak load of approximately 86 kN, 

representing a minor overestimation of about 6 % compared to the ex-

perimental data. The results from the refined models closely align with 

those of the ABQ 3D model, indicating that mesh dependency has been 

mitigated to a significant extent. Moreover, all NDK models predict peak 

loads around 86 kN, which closely match their refined counterparts. 

However, Models 5 and 6 show slightly lower displacements at peak

loads than Model 1. This small difference is likely due to the stiffer re-

sponse of the NDK models caused by using lower-order kinematics in 

non-critical regions. A similar pattern is seen in Models 2, 7, and 8. 

Nevertheless, these differences are minor, confirming the accuracy of 

the NDK models.

Figs. 22 and 23 present the stress distributions 𝜎 11 

and 𝜎 12 

of the 

FPB specimen, obtained from Model 3 and the ABAQUS 3D model at 

both the peak load and around 70 % residual load. Model 3 is selected 

here since its higher-order elements provide better stress contours. Other 

stress components (𝜎 22 

, 𝜎 33 

, 𝜎 13 

, and 𝜎 23 

) were found to be negligible 

under FPB loading and are therefore omitted for clarity.

In Fig. 22, both CUF and ABQ 3D models capture the expected stress 

along fiber direction. At the peak load, a typical flexural stress pat-

tern of 𝜎 11 

is observed,with the upper flange in compression and the 

lower flange in tension. After peak load, the compressive stresses in the 

upper flange are significantly reduced due to damage, while the web 

beneath the loading plate undergoes significant compressive stresses. 

Fig. 23 shows the corresponding shear stress 𝜎 12 

. At the peak load, 𝜎 12 

is 

mainly carried by the webs within the shear zones. After peak load, lo-

calized damage near the loading plate leads to stress redistribution and 

concentration of 𝜎 12 

. In both stress components, the CUF model provides 

results in good agreement with the ABQ 3D model, demonstrating the 

capability of the CUF to accurately reproduce the 3D stress state of this 

thin-walled structure.

As shown in Fig. 24, experimental failure occurred at the intersection 

of the top flange with the webs, starting near the load application points, 

from which the fractures developed and propagated. Additionally, crack 

is also evident at the junction of the web and flange at the bottom of the 

beam beneath the right loading point. This kind of failure is attributed to

Fig. 22. Comparison of stress distribution 𝜎 11 between CUF and ABQ 3D models.

Fig. 23. Comparison of stress distribution 𝜎 12 between CUF and ABQ 3D models.
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Fig. 24. Experimental failure mode of the FPB beam [57].

the weaker material properties of web-flange junctions in the pultruded 

GFRP beams. Therefore, shear damage has been identified as the primary 

failure mechanism in this pultruded GFRP beam [57].

Fig. 25 presents the shear damage patterns predicted by all numer-

ical models. Significant damage localization near the right-side loading 

plate is observed across all models, which is similar to the experimen-

tal cracks. Model 3 additionally shows pronounced damage localization 

near the left-side loading plate, which explains its slightly lower peak 

load. While Models 2 through 4 do not capture damage at the bottom 

junction of the flange and web, as seen in Model 1, they accurately

predict similar damage patterns at the top junction of the flange and 

web near the loading plate, which is the primary damage characteris-

tic for this beam. Models 5 and 6, using the NDK approach based on 

Model 1, do not show damage at the bottom junction of the flange 

and web. However, they capture the key damage patterns at the top 

flange–web junction near the loading plate. Similar observations are 

noted for Models 2, 7, and 8, which utilize B3 beam elements. Model 

7 shows some damage at the bottom flange–web junction, while Model 

8 does not. Despite these differences, both models effectively capture the 

critical damage patterns at the top flange–web junction near the loading 

plate. The ABQ 3D model provides a clear depiction of damage, showing 

localization below the loading plate and horizontal propagation along 

both the top and bottom flange–web junctions. The occurrence of dam-

age at the bottom junction in some models, including the ABQ 3D model, 

is likely due to their convergence at lower post-peak residual loads,

Fig. 25. Shear damage distribution of the FPB beam from various models.

whereas certain CUF-based models experience convergence challenges 

at higher residual loads.

In summary, both the CUF-based models and the ABQ 3D model 

successfully reproduce the essential damage patterns observed in the 

experimental benchmark, which are similar to numerical results from 

Ref. [57] using the classical Hashin failure criterion.

5. Conclusions

This work has presented a comprehensive numerical investiga-

tion of the progressive damage analysis of pultruded composite 

structures. A novel 3D orthotropic damage model was integrated 

into one-dimensional CUF-based beam models, where regularization 

techniques were applied to mitigate mesh dependency. The NDK ap-

proach was also employed to improve the computational efficiency of 

the CUF-based beam models. The proposed framework was validated 

through three experimental benchmark tests: compact tension, three-

point bending, and four-point bending. Based on the comparison of nu-

merical and experimental results, the following conclusions are drawn:

1) CUF-based beam models with the 3D Tsai-Wu orthotropic dam-

-

age model can effectively provided numerical progressive damage 

results, closely matching with experimental data. Notably, Model 

1 in the CT test required only 1332 DOF to achieve 3D-level accu-

racy, highlighting the computational efficiency of CUF-based beam 

models.

2) Despite minor mesh order sensitivity, most refined CUF-based

models consistently produced accurate results. These consis-

tencies confirmed the effectiveness of proposed method for 

calculating characteristic element lengths in mitigating mesh 

dependency.

3) The proposed framework successfully simulated quasi-brittle fail

ure, as evidenced in the CT and TPB tests. It also demon-

strated its applicability to brittle failure scenarios, as the FPB test 

shows.

4) The application of the NDK approach in the TPB and FPB tests

demonstrated that carefully selecting non-critical zones can achieve 

results comparable to those of the corresponding refined models. 

Additionally, incorporating a transition region using higher-order 

TE contributed to the balance between computational efficiency and 

accuracy.
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5) Across the TPB and FPB tests, NDK models achieved at least a 50 %

reduction in DOF without sacrificing too much accuracy compared 

to their refined counterparts. Moreover, there is still a potential for 

further reductions in the FPB test because a large number of beam 

elements were assigned.

6) The scalability of the NDK approach should be highlighted, allow-

ing for straightforward enhancements to beam models by adjusting 

the cross-sectional kinematics at individual beam nodes without re-

quiring remeshing. This feature demonstrates the adaptability of the 

proposed framework.

While the current NDK models demonstrate satisfactory perfor-

mance, their accuracy still depends on manually defined non-critical, 

critical, and transition zones based on prior knowledge and trial-and-

error. Future research may focus on incorporating automated optimiza-

tion strategies, such as the best theory diagrams [58], for zone definition 

to maximize the potential of the proposed framework.
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Appendix A. Implementation of regularization techniques

To clarify how the characteristic length 𝑙 𝑐 

and viscosity 𝜂 are incor-

porated into the constitutive model, the following pseudo-code presents 

the procedure used to update the damage variable at each Gauss point. 

All symbols and equations are defined in the main text. More details can 

be found in Ref. [59].

Algorithm 1: Regularized damage at each Gauss point.

Input: Effective stress vector 𝝈̂ 

Output: Damage variable 𝑑 

1 if TW(𝝈̂ ) ≥ 1 then

2 Obtain 𝛽 by solving TW(𝝈̂ ) = 1 (Eqs. (34)–(36)); 

3 Compute equivalent strains 𝜀 eq,𝐼 

and stresses 𝜎 eq,𝐼 

from Eqs.

(31) and (32); 

4
0Compute onset values 𝜀  

eq
 ,𝐼 , 𝜎 

0 from
eq,𝐼  Eq. (33);

5 Compute 𝑙 𝑐 

using the projection method (Eq. (39)); 

6 Apply 𝑙𝑐 to define equivalent displacement, and compute 

onset values  

 𝛿 

0 and
eq,𝐼  ultimate values𝛿 

𝑢 from
eq,𝐼  Eq. (38); 

7 Update 𝑑𝐼 using the fracture-energy regularized linear 

softening law (Eq. (37)); 

8 Update 𝑑 

𝑣 using𝐼  viscous regularization with backward Euler 

scheme (Eq. (41)); 

9 Set 𝑑 ← 𝑧𝐼 𝑑 

𝑣;𝐼

10 else

11 Set 𝑑 ← 0;

12 End

The state direction variables 𝑧 𝐼 in the proposed algorithm are intro-

duced to guarantee that only specific damage modes are activated once

the Tsai–Wu criterion is satisfied. These variables are defined as:

𝑧 𝑓𝑡 = 

⟨𝜎̂ 1⟩

𝑋 𝑡 

+
𝜏 12
𝑆 𝐿

+ 

𝜏 13
𝑆 𝑇

(42)

𝑧 𝑓𝑐 = 

⟨−𝜎̂ 1⟩

𝑋 𝑐
(43)

𝑧 𝑚𝑡 = 

⟨𝜎̂ 2⟩

𝑌 𝑡 

+
⟨𝜎̂ 3⟩

𝑍 𝑡
+ 

𝜏 21
𝑆 𝐿

+
𝜏 31
𝑆 𝑇

+
𝜏 23
𝑆 𝐼

(44)

𝑧 𝑚𝑐 =
⟨−𝜎̂ 2⟩

𝑌 𝑡
+ 

⟨−𝜎̂ 3⟩

𝑍 𝑡
+

𝜏 21
𝑆 𝐿

+
𝜏 31
𝑆 𝑇

+
𝜏 23
𝑆 𝐼

(45)

𝑧 𝑖𝑡 = 

⟨𝜎̂ 3⟩

𝑍 𝑡 

+
𝜏 13
𝑆 𝑇

+
𝜏 32
𝑆 𝐼

(46)

𝑧 𝑖𝑐 =
⟨−𝜎̂ 3⟩

𝑍 𝑡 

(47)

Appendix B. 3D damage visualization for the FPB specimen

To complement the 2D cross-sectional results presented in the main 

text, a representative 3D visualization of the damage distribution in the 

FPB specimen is provided as shown in Fig. 26. The FPB specimen is 

chosen because it is a thin-walled hollow structure, where 3D effects 

become more pronounced. This example illustrates the ability of the 

proposed CUF framework to capture through-thickness damage patterns 

that cannot be represented by 2D models.
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Fig. 26. 3D shear damage distribution of the FPB specimen.

Data availability

Data will be made available on request. 
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